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ABSTRACT
In the stably stratified interior of the ocean, mesoscale eddies transport materials by quasi-adiabatic
isopycnal stirring. Resolving or parameterizing these effects is important for modeling the oceanic general
circulation and climate. Near the bottom and near the surface, however, microscale boundary layer turbulence overcomes the adiabatic, isopycnal constraints for the mesoscale transport. In this paper a formalism
is presented for representing this transition from adiabatic, isopycnally oriented mesoscale fluxes in the
interior to the diabatic, along-boundary mesoscale fluxes near the boundaries. A simple parameterization
form is proposed that illustrates its consequences in an idealized flow. The transition is not confined to the
turbulent boundary layers, but extends into the partially diabatic transition layers on their interiorward
edge. A transition layer occurs because of the mesoscale variability in the boundary layer and the associated
mesoscale–microscale dynamical coupling.

1. Introduction
Eddy fluxes of momentum, buoyancy, and material
tracers exert a profound influence on the oceanic general circulation and its associated material distributions.
These fluxes must be represented in modern oceanic
general circulation models (OGCMs) and climate models where the oceanic horizontal grid resolution is usually O(100) km or larger. At this resolution all the mesoscale and microscale fluxes are subgrid scale, and
their transport effects must be parameterized. Although more powerful computers may soon decrease
the feasible grid scale to a marginal mesoscale eddy
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resolution of O(25) km, even finer grids of O(10) km or
better are needed to adequately resolve the fluxes produced by mesoscale motions (Paiva et al. 1999; Smith et
al. 2000). Furthermore, even marginal eddy resolution
requires some parameterization of the missing eddy
fluxes (Roberts and Marshall 1998). This problem has
elicited a large literature on mesoscale parameterization schemes in the oceanic interior, in addition to an
even larger literature on parameterization of microscale turbulent fluxes in the planetary boundary layers
(BLs). At present the parameterizations do not account
consistently for interactions between mesoscale and microscale turbulence. The goal of this paper is first to
review what is known about feedbacks of microscale
turbulence on mesoscale eddy fluxes and then to
present a parameterization framework that accounts
for these interactions in the top and bottom nearboundary regions.
Mesoscale parameterizations used in OGCMs repre-
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sent the adiabatic release of potential energy by baroclinic instability, as suggested by Gent and McWilliams
(1990, hereafter GM), the stirring and mixing of material tracers along isopycnal surfaces, and momentum
transport by lateral Reynolds stress (e.g., Smith and
McWilliams 2003). Their quasi-adiabatic, material conservation properties have yielded significant improvements in OGCM solutions (Danabasoglu et al. 1994).
However, this parameterization framework breaks
down close to the top and bottom boundaries where
mesoscale eddy fluxes develop a diabatic component,
both because of the vigorous microscale turbulence in
BLs and because geostrophic eddy motions are constrained to follow the boundary (i.e., bottom topography or upper free surface), while the isopycnal surfaces
often intersect the boundaries. Griffies (2004) reviews
the main deficiencies of the adiabatic formalism at the
boundaries. First, adiabatic parameterizations, like in
GM produce very large tracer transports in the oceanic
BLs in disagreement with observations and eddyresolving numerical experiments. Second, the adiabatic
parameterization does not include any diabatic flux of
heat and salt, which are known to play an important
role in the heat and freshwater budgets at strong oceanic currents, like the Antarctic Circumpolar Current
(Hallberg and Gnanadesikan 2006). A different paradigm is necessary to extend eddy parameterizations
into the BLs.
Previous discussions of mesoscale eddy parameterizations near boundaries argue that the normal component of an eddy flux must vanish at the boundary, even
though tangential advective and diffusive components
are allowable and even desirable (Danabasoglu and
McWilliams 1995; Large et al. 1997; Treguier et al.
1997; McDougall and McIntosh 2001; Killworth 2001).
However, no explicit parameterization forms are presented in these works. Common practice in ocean models has been to adopt ad hoc tapering functions to turn
off the GM parameterization at the boundaries. This
approach has the advantage of eliminating spurious BL
transports, but it does not result in parameterization for
mesoscale eddy fluxes within the BLs, except for the
spurious effects due to tapering. This is at odds with the
observational evidence that eddy fluxes have a strong
impact both on the material composition and exchange
rate between the surface BL and pycnocline and on the
air–sea fluxes of heat (Robbins et al. 2000; Price 2001;
Weller 2003).
More recently Greatbatch and Li (2000) and Griffies
(2004) have proposed parameterizations that include
eddy transport in the BL. The parameterizations differ
in some details, but in both cases the basic idea is to
extend the interior eddy transport into the BLs through
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analytic continuation of the interior parameterization
formulas. This is essentially the same argument originally proposed by Treguier et al. (1997). In this paper
we extend the approach of Treguier et al. to explicitly
account for the properties of the eddy fluxes within the
BLs; that is, we derive formulas for the eddy-induced
transports that depend on the local eddy fluxes. We
then use physical arguments about eddy statistics in the
upper ocean to derive a BL parameterization. A major
advantage of our approach is that it provides expressions that can be checked versus high-resolution numerical simulations. The analytical continuation approach does not provide any guidance on how to validate the parameterization.
Climate models are known to be sensitive to the
treatment of mesoscale eddy fluxes in the BLs (Griffies
2004; Gnanadesikan et al. 2007). Consider as an illustrative example the upper-ocean temperature difference between two global numerical simulations that
both use the GM scheme to parameterize mesoscale
eddies but adopt two different tapering functions to
turn off eddy transport in the BLs (Fig. 1). The two
simulations are run with the Massachusetts Institute of
Technology (MIT) OGCM (Marshall et al. 1997) and
are identical in everything (i.e., parameters, initial conditions, boundary conditions, forcing, and parameterization schemes) except that one uses the tapering
scheme proposed by Gerdes et al. (1991) and the other
uses the tapering scheme suggested in Danabasoglu and
McWilliams (1995). The two tapering schemes produce
sea surface temperature differences as large as a few
degrees in regions where the models have strong heat
exchange with the atmosphere (e.g., western boundary
currents and the Antarctic Circumpolar Current).
There is no obvious pattern to suggest that one solution
is superior to the other. They both suffer from biases
generated by an improper treatment of eddy fluxes in
the BL.
The goal of this paper is to derive a simple closure
scheme that accounts for diabatic eddy transports in the
BLs, but does not suffer from the arbitrariness of
present tapering functions or heuristic arguments based
on quasigeostrophic theory inappropriate for the BL
(e.g., Treguier et al. 1997). In section 2 we discuss guiding principles for the structure of mesoscale and microscale fluxes near the oceanic boundaries. We argue that
there must be a vertical transition layer that separates
the quasi-adiabatic interior and the diabatic BL. This
transition region plays an important role in the exchange of properties between the boundaries and the
interior, and we make it an explicit part of the parameterization scheme. Explicit parameterization formulas
that represent the eddy transports in all three regions
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FIG. 1. Temperature differences at 170 m between two equilibrated climate simulations run
with the MIT OGCM. The simulations are identical except for the use of different tapering
functions applied to the GM scheme. The two tapering functions used are those proposed by
Danabasoglu and McWilliams (1995) and Gerdes et al. (1991) and described in section 5. The
GM schemes use a diffusivity of GM ⫽ 1000 m2 s⫺1. The simulations are run for 1000 years
with a horizontal resolution of 4°. (Simulations run by Alistair Adcroft.)

are given in section 3. In section 4 we illustrate some of
the implications of our parameterizations in an idealized circulation. Finally, in section 5 we present our
conclusions. The implementation and impact of these
parameterizations in a global oceanic model is the topic
of a separate paper (Danabasoglu et al. 2008).

2. Mesoscale and microscale fluxes in the general
circulation
The oceanic general circulation is significantly affected by a variety of processes occurring at space and
time scales too small to be resolved explicitly in
OGCMs, and their influences need to be parameterized
with variables that are explicitly included in the models.
In terms of a Reynolds decomposition of variables into
a slowly changing “mean” and fluctuation components,
we seek a representation of the eddy fluxes u⬘i c⬘ for
scalar variables c (including buoyancy) and u⬘i u⬘j for momentum, where the prime superscript denotes a fluctuation and the overbar denotes an average over fluctuations. It is physically sensible to further separate the
fluctuations in two dynamical classes: the “momentum
balanced” mesoscale eddies (McWilliams 2003) and the

microscale “unbalanced” turbulence (Joyce 1977; Davis
1994; Garrett 2001). This suggests using a triple decomposition of variables into mean, mesoscale, and microscale components and writing c ⫽ cm ⫹ ce ⫹ ct with
subscripts m, e, and t denoting the mean, mesoscale,
and microscale, respectively. Angle brackets will indicate large-scale averages; that is, cm ⫽ 具c典. The mean
balance for any advectively conserved tracer c has the
following form in terms of the triple decomposition:
⭸tcm ⫹ um · cm ⫽ ⫺ · 具uece典 ⫺  · 具utct典 ⫹ Ꮿm

共1兲

in which Ꮿm represents the mean sources and sinks of c
explicitly resolved in models. In large-scale OGCMs
that do not adequately resolve the eddies, parameterizations are needed for both mesoscale and microscale
tracer fluxes on the right side of (1). An analogous issue
arises in the mean momentum balance where parameterizations are needed for mesoscale and microscale
Reynolds stresses.
Equations such as (1) are valid under the assumption
that there are spectral gaps among mean, mesoscale,
and microscale components, so that correlations between fluctuations on different scales can be neglected.
A gap plausibly exists between mesoscale, momentum-
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balanced currents and microscale, unbalanced turbulence, such as breaking internal waves, shear instability,
double diffusion, and mixing in the surface and bottom
BLs. It is less clear that such a gap exists between the
large-scale circulation and the mesoscale eddies (Scott
and Wang 2005). Nonetheless, a dynamical gap does
exist, and it is given an operational definition by the
choice of an OGCM’s horizontal resolution and eddy
diffusivities. A coarsely resolved, diffusive OGCM has
a mean circulation but no eddies, while a finely resolved OGCM with a more advective circulation produces vigorous mesoscale eddies (though they may be
difficult to resolve accurately). This distinction allows
us to talk separately about mean and eddy motions.
In the oceanic modeling literature eddy parameterizations are usually derived under the assumption that
mesoscale and microscale fluxes act independently. The
justification is that mesoscale eddies represent the adiabatic rearrangement of buoyancy surfaces and tracers
under the influences of gravity and rotation, while microscale turbulence controls all the irreversible, diabatic processes that modify the buoyancy and tracer
concentrations of the water parcels. The microscale turbulent fluxes are typically parameterized as vertical
downgradient with Fickian laws both for momentum
and for tracers (Gregg et al. 2003). The diffusivities 
and viscosities  are set to small, albeit climatically important, values in the oceanic interior, consistent with
direct measurements (Ledwell et al. 1993; Toole et al.
1994). Turbulence is intensified near the oceanic
boundaries by boundary fluxes (i.e., wind stress and
buoyancy fluxes at the surface and drag at the bottom)
and consequent flow instabilities. This turbulence generates overturning motions that often make the buoyancy and velocity profiles well mixed in the BL. Traditional BL models (e.g., Kraus and Turner 1967; Mellor
and Yamada 1974; Price et al. 1986; Large at al. 1994)
represent these fluxes with vertical profiles for (z) and
(z) that are strongly enhanced compared to interior
values.
The parameterization of mesoscale eddy fluxes is still
in its infancy. Most formulations are local in the sense
that the eddy term is calculated with local values and
gradients of the resolved quantities. The few exceptions
to the rule include parameterizations that depend on
vertically integrated quantities and are therefore nonlocal in the vertical. Parameterizations are derived for
eddy tracer fluxes, such as temperature, salinity, and
biogeochemical quantities (GM; Greatbatch and Lamb
1990; Visbeck et al. 1997; Treguier et al. 1997; Killworth
1997), while retaining simple horizontal diffusion for
eddy momentum fluxes with an eddy viscosity as small
as is consistent with numerical stability. This approach
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FIG. 2. A conceptual model of eddy fluxes in the upper ocean.
Mesoscale eddy fluxes (blue arrows) act to both move isopycnal
surfaces and stir materials along them in the oceanic interior, but
the fluxes become parallel to the boundary and cross density surfaces within the BL. Microscale turbulent fluxes (red arrows) mix
materials across isopycnal surfaces, weakly in the interior and
strongly near the boundary. The interior and the BL regions are
connected through a transition layer where the mesoscale fluxes
rotate toward the boundary-parallel direction and develop a diabatic component.

has been shown to capture the most important eddy
effects on the mean circulation in the limit of small
Rossby numbers typically found in the ocean (Treguier
et al. 1997; Drijfhout and Hazeleger 2001; Wardle and
Marshall 2000). These schemes can be extended to account more accurately for eddy momentum fluxes
(Wardle and Marshall 2000; Smith and McWilliams
2003; Plumb and Ferrari 2005; Ferreira et al. 2005), but
experience with these extensions in OGCMs is still limited.
Most of the existing mesoscale parameterization proposals (section 1) are intended for the oceanic interior
where the effect of eddies is predominantly adiabatic.
However, near horizontal and vertical boundaries eddies can develop diabatic behavior, and some ad hoc
form of adjustment has to be made to avoid false eddy
transports through the solid boundaries (Danabasoglu
and McWilliams 1995; Large et al. 1997; McDougall
and McIntosh 2001; Killworth 2001). We formulate a
parameterization scheme that expresses the essential
diabatic nature of eddy fluxes in the BLs as a modification of the existing adiabatic parameterizations. We
borrow the basic framework of Treguier et al. (1997)
but extend it beyond quasigeostrophic theory. As a
starting point we divide the ocean into three different
types of layers according to different properties of the
mesoscale fluxes (Fig. 2).

a. Oceanic interior
Eddy fluxes in the oceanic interior are largely along
isopycnal surfaces with a much weaker diapycnal component. Thus it is useful to project the full flux along
and across the mean isopycnal surfaces and consider

2774

JOURNAL OF CLIMATE

VOLUME 21

expressions for the vector streamfunction and the diabatic flux at leading order in Rossby number reduce to
⌿⬇

FIG. 3. Decomposition of the buoyancy eddy flux 具uebe典 into two
components, along and across mean buoyancy surfaces bm. The
along-isopycnal component ⌿ ⫻ bm represents the advective
skew flux, while the across-isopycnal component Fe{b} represents
the diapycnal residual flux.

the two components separately (Andrews and McIntyre 1978; Ferrari and Plumb 2003),

具uebe典 ⫽ ⫺

具uebe典 ⫻ bm
|bm|

2

⫻ bm ⫹

具uebe典 · bm
|bm|2

bm,
共2兲

where b is buoyancy. The decomposition is shown in
Fig. 3. After taking its divergence, the cross-gradient
flux component—the so-called skew flux—is equivalent
to a mean buoyancy advection,
·

冉

具uebe典 ⫻ bm
|bm|

2

冊 冉

⫻ bm ⫽  ⫻

冊

具uebe典 ⫻ bm
|bm|2

· bm.
共3兲

The nondivergent, eddy-induced velocity ume is given
by the curl of the vector streamfunction ⌿:
ume ⫽  ⫻ ⌿,

⌿⬅⫺

具uebe典 ⫻ bm
|bm|2

.

共4兲

The velocity ume represents the rectified transport generated by eddies advecting buoyancy perturbations
along mean isopycnal surfaces.
The residual buoyancy flux, Fe{b}, is directed across
mean isopycnal surfaces and represents eddy mixing of
water masses with different mean buoyancy (Plumb
and Ferrari 2005),
Fe{b} ⬅

具uebe典 · bm
|bm|2

bm.

共5兲

The buoyancy budget can then be conveniently written as
⭸t bm ⫹ 共um ⫹ ume兲 · bm ⫽ ⫺ · Fe{b} ⫺  · 具ut bt典 ⫹ Ꮾm.
共6兲
In the oceanic interior, mesoscale eddies satisfy
quasigeostrophic scaling (Treguier et al. 1997) and the

z ⫻ 具uebe典
,
⭸zbm

Fe{b} ⬅ 0.

共7兲

McDougall and McIntosh (2001) point out that diapycnal fluxes, despite being small, appear to be of climatic
importance when estimated according to (5). However,
direct measurements exclude large diapycnal fluxes in
the oceanic interior and suggest that eddy fluxes must
be aligned with the instantaneous isopycnals. The solution to the conundrum is that the diapycnal component
is a result of averaging at a fixed vertical position instead of averaging along fixed isopycnal surfaces. McDougall and McIntosh (2001) hence propose to formulate eddy parameterizations in isopycnal coordinates.
Adopting isopycnal averages, however, raises problems
in the unstratified BLs because isopycnal coordinates
become ill defined. Furthermore, Killworth (2001) finds
that parameterizations based on isopycnal coordinates
do not have more skill than z-based parameterizations
that ignore residual buoyancy fluxes. We therefore proceed with a formulation in z coordinates and set the
residual flux in (7) to zero.
For passive tracers c ⫽ b, there is an additional alongisopycnal residual eddy flux component in Fe{c} ⫽
具uece典 ⫺ ⌿ ⫻ cm, whose effect on mean buoyancy is
trivial. This residual flux appears at leading order in
Rossby number and must be parameterized (Solomon
1971; Redi 1982).

b. Boundary layer
In the turbulent BLs the eddy flux component normal to the boundaries vanishes, so the fluxes become
parallel to the boundaries. We assume that each of the
normal components of mean, mesoscale, and microscale velocities vanish separately. The implication is
that mesoscale eddies mix tracers along the boundaries
and are not constrained to be along isopycnal surfaces.
The decomposition in (2) is not very useful to progress
toward eddy parameterizations in such a situation. An
obvious problem is that the eddy-induced velocity and
the residual flux do not individually satisfy no-normal
flux boundary conditions, even though the full eddy
buoyancy flux does. For a boundary with a unit normal
vector n, the normal components of the eddy-induced
velocity and the residual flux are
ume · n ⴝ  ⫻ ⌿ · n,

Fe{b} · n ⫽ 共⌿ ⫻ n兲 · bm.

共8兲

Both components imply an eddy buoyancy flux across
the boundaries whenever the vector streamfunction has
a component along the boundaries, but they cancel
when added together. The issue disappears in the pres-
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ence of a well-mixed BL where bm · n → 0 approaching the boundary. In this case ⌿ has no component
along the boundary,1 and Fe{b} is along the boundary.
However, BLs can be stratified and, in such cases, one
can retain the desirable property of vanishing crossboundary eddy-induced advection by using an appropriate gauge transformation in the definition of ⌿. A
detailed derivation is presented in appendix A. Here
we write the result for the case when the boundaries are
horizontal,
⌿⬅⫺

具we be典
|hor bm|

2

z ⫻ hor bm ⫺

具uhe be典 ⫻ hor bm
|hor bm|2

,
共9兲

Fe{b} ⬅

具ue be典 · bm
|hor bm|2

hor bm,

共10兲

where uhe and hor are the horizontal components of
the eddy-induced velocity and gradient operator. A
similar decomposition is introduced by Held and
Schneider (1999) for a zonal flow. These definitions
differ from (4) and (5), but the difference is physically
inconsequential because the two definitions give the
same flux divergences. Most importantly, at the boundaries the first term in (9) vanishes and the eddy-induced
velocity and the residual flux are horizontal. Thus, by
using an appropriate gauge transformation, we have
eliminated any cross-boundary advection. A generalization to arbitrary boundaries is given in appendix A.
In this paper we restrict our analysis to surface and
bottom BLs, both because side boundaries are computational artifacts in OGCMs (compared to coastlines in
nature) and because approximate thermal wind balance
and no-slip, insulating boundary conditions usually imply weak near-boundary flow.
The expressions (9) and (10) confirm that there is no
physical justification to taper eddy parameterizations at
the oceanic boundaries. Observations (Weller 2003)
and eddy-resolving numerical simulations (Oschlies
2002) show that mesoscale fluxes penetrate into the
surface BL, and neither the eddy-induced streamfunction nor the residual flux vanish. Our goal is to find
guiding principles to parameterize these fluxes. As we
discuss in section 3, mixing length arguments suggest
that the horizontal fluxes of buoyancy are directed
down the mean buoyancy gradient both in the ocean
interior and at the boundaries, 具uhebe典 ⫽ ⫺GMhorbm.
1
The normal component of the eddy-induced velocity is given
by  · [⌿ ⫻ n] ⫺ ⌿ ·  ⫻ n. In a well-mixed BL, the first term
vanishes because ⌿ is directed along n. The second term also
vanishes because n ·  ⫻ n ⫽ 0 for any differentiable surface
(Sneddon 1957).
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Substituting the downgradient closure in (9) and (10),
the parameterization problem is reduced to choosing
the appropriate forms for the eddy diffusivity GM and
the vertical fluxes.
Within the BLs momentum and tracers are well homogenized in the vertical as a result of all turbulent
processes that actively mix the BLs on time scales
shorter than the mesoscale eddy turnover times. Continuity then demands that the mesoscale vertical velocity is linear in z. Hence, we expect the mean climatological gradients H bm and the horizontal eddy fluxes
具uhe be典 to be constant across the BL and the vertical
flux 具whebe典 to be linear in z and vanish at the boundary.
Both approximations are in agreement with results
from the eddy-resolving numerical experiments described in Cessi et al. (2006).
Marshall (1997), Treguier et al. (1997), and Marshall
and Radko (2003) assume that the eddy-induced mass
exchange between the BL and the interior is continuous. These heuristic arguments have been recently verified in eddy-resolving numerical simulations (Cessi et
al. 2006; Cerovecki et al. 2006, manuscript submitted to
J. Phys. Oceanogr., hereafter CPH). Continuity of ⌿
across the BL base, together with the assumption that
any along-boundary transport does not change in the
across-boundary direction, implies that the vertical
component of ⌿ vanishes in the BL because it is zero in
the interior as per (9). The horizontal component of ⌿,
which represents overturning circulations, must go to
zero together with the vertical eddy flux. These simple
rules are used in the next section to build a parameterization scheme.
The residual flux (10) is small in the oceanic interior
because of a large cancellation between 具uhebe典 · horbm
and 具webe典zbm. The first component does not change
through the BL base, while the second component essentially vanishes because the vertical stratification becomes much weaker. As a result, in the BL there is a
large residual flux in the horizontal that crosses density
surfaces (Treguier et al. 1997). A schematic of the vertical structure of the eddy transport in the surface BL is
shown in Fig. 4. There is no consistent treatment of
these fluxes in present parameterization schemes.
In this section we argue that the eddy-induced horizontal velocities (given by the vertical derivative of ⌿)
and the residual fluxes are independent of depth within
the BL. In the absence of any shear, mesoscale eddies
cannot drive any restratification within the BL. This
seems at odds with Oschlies’s (2002) result that the BL
depth is reduced in eddy-resolving numerical models as
a result of increased surface velocity shears. However
Young (1994), Haine and Marshall (1998), and Boccaletti et al. (2007) show that the enhanced shears are not
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FIG. 4. Eddy-induced circulation (light gray contours) and diabatic residual flux (dark gray
arrows) in the meridional plane of a hypothetical zonally averaged channel flow. The black
lines represent the mean buoyancy surfaces that outcrop at the surface in response to diabatic
surface fluxes. The eddy-induced circulation, based on the definition in (9), goes linearly to
zero at the surface within the BL in response to the strong vertical mixing that erases mesoscale vertical shears. A diabatic flux parallel to the boundary appears at the surface, as defined
in (10). (right) Matching of the eddy-induced circulation between the BL and the interior
occurs through a transition layer according to the expression in (25). The streamfunction and
its vertical derivative are continuous everywhere and give a continuous eddy-induced velocity.
The diabatic flux acts both in the boundary and transition layers. (left) Eddy-induced circulation obtained setting the transition layer thickness to zero. A discontinuity develops in the
derivative of ⌿ and the associated eddy-induced velocity. Such discontinuities are unphysical
and occasionally trigger convective instabilities (Griffies 2004).

associated with mesoscale eddies, but with submesoscale processes like frontogenesis and frontal instabilities within the BL. Mesoscale shear is dominated by
baroclinic mode one (Wunsch 1997). Hence changes in
mesoscale eddy velocity through the BL scale with the
ratio of the BL depth to the vertical scale of mode one
are typically less than 10% of the total velocity. For
present purposes, we can safely ignore such small
shears and assume that lateral mesoscale fluxes are, to
leading order, depth independent.
Submesoscale eddies drive weak horizontal fluxes
compared to mesoscale motions but dominate the vertical fluxes of buoyancy and tracers (Boccaletti et al.
2007). The vertical fluxes drive ageostrophic circulations that tilt isopycnals from the vertical to the horizontal and achieve restratification. Fox-Kemper and
Ferrari (2008) show that submesoscale restratification
can be parameterized independently of mesoscale processes with an additional eddy-induced overturning
streamfunction that acts only within the BL. A treatment of submesoscale dynamics goes beyond the scope
of this paper and the reader is referred to Fox-Kemper
et al. (2008) for a thorough discussion. Notice, however,
that the framework described in section 3 can be easily
extended to include the submesoscale parameterization
scheme described in Fox-Kemper and Ferrari (2008).

c. Transition layer
Boundary layer thickness h and tracer distributions
exhibit subsynoptic and mesoscale heterogeneity (Pol-

lard et al. 1996; Legg et al. 1998; Ferrari and Rudnick
2000; Weller 2003). An average over this heterogeneity
results in a transition layer with diabatic mixing of
large-scale tracer distributions at a rate intermediate
between the large BL and small interior rates. We define the transition layer as the layer containing all
isopycnals within an averaging area and time interval
that are intermittently exposed to strong turbulent mixing. This can occur either by entrainment into the BL as
a result of mesoscale and internal wave heaving (i.e.,
vertical isopycnal displacements) or by other processes,
such as subsynoptic surface fluxes, which induce subgrid-scale changes in h relative to isopycnal surfaces.
The bottom of the transition layer is often characterized by large stratification and vertical tracer gradients
generated through turbulent BL entrainment. Strong
stratification plays an important role in parameterization schemes for microscale turbulent fluxes (Price et
al. 1986; Large at al. 1994; Large et al. 1997) in relation
to the rate that tracer and momentum anomalies pass
between the BL and the mostly geostrophic interior
flow.
From a mesoscale parameterization perspective, the
transition layer represents the region that connects the
adiabatic, eddy-induced, and tracer mixing in the stratified interior with the boundary-parallel, diapycnal
fluxes in the BL. The thickness of the transition layer D
is not well known yet, and analyses of relevant measurements and eddy-resolving computations are needed
to provide better guidance. We present some preliminary scaling analysis to estimate D.
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The magnitude of D is set both by subsynoptic and
mesoscale fluctuations of h. The first contribution is the
range of instantaneous h values around its time- and
area-averaged value as diagnosed from a microscale BL
parameterization applied locally. Danabasoglu et al.
(2008) find that the base of the mixed layer tracks well
the deepest values reached by the BL in the recent past.
Hence, the difference between BL and mixed layer
depth is a useful proxy for the synoptic contribution to
D. Johnston and Rudnick (2007, submitted to J. Phys.
Oceanogr.), using CTD and ADCP data, find that the
base of the transition layer owing to subsynoptic variability is typically 10% deeper than the mixed layer
depth because turbulent mixing partly penetrates into
the stratified layer below the BL. This difference can be
safely ignored at the level of approximation implicit in
mesoscale parameterizations.
The second contribution to D is due to eddy heaving.
A fluid parcel within a mesoscale eddy undergoes a
vertical displacement e as it is adiabatically advected
along a tilted isopycnal surface; hence e ⬇ be/zbm
when zbe is neglected in the denominator. As a result,
particles within a distance e from the BL base are episodically lifted into the BL and experience diabatic
mixing. An estimate of the heaving contribution to the
transition layer is the set of vertical levels z for which
the root-mean-square e is larger than the distance from
the BL base h,

rms ⬅ 公具2e 典 ⬇
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公具b2e典
⭸z bm

ⱖ |z ⫹ h|.

共11兲

Kuo et al. (2005) computed the transition layer due to
eddy heaving in a high resolution simulation of an oceanic jet configured to mimic the Antarctic Circumpolar
Current system. The model was run without a BL
scheme, and no mixed layer developed at the oceanic
surface. Despite the lack of a surface BL, eddy fluxes
had a diabatic component within a transition layer including all levels for which rms was larger than the
distance from the surface. This simulation confirms that
the diabatic component of the mesoscale eddy fluxes is
not confined to the mixed layer, contrary to what is
assumed in Treguier et al. (1997) and Griffies (2004).
Diabatic fluxes develop wherever isopycnals outcrop at
the surface in response to surface boundary conditions,
regardless of whether there is a homogenized surface
mixed layer.
Fluctuations of BL depth on synoptic time scales are
well documented in the literature (e.g., Davis et al.
1981a,b). Here we use a combination of climatology
and satellite data to estimate the eddy heaving contribution to the transition layer as defined in (11). The
World Ocean Atlas climatology (Conkright et al. 1998)

is used to compute zbm. Buoyancy fluctuations be are
estimated from altimetric measurements, assuming equipartition between eddy kinetic and available potential energies (Larichev and Held 1995; Eden 2007), so
that

rms ⫽

冑

具b2e 典

⬇
共⭸z bm兲2

冑

具|ue|2典
⭸z bm

.

共12兲

The near-surface eddy kinetic energy per unit mass on
a global scale is computed from altimetric observations
of sea level anomalies through the thermal wind relationship (Stammer 1997). The sea level data used are
from the final combined processing of the Ocean Topography Experiment (TOPEX)/Poseidon and European Remote Sensing Satellite (ERS)-1/2. Anomalies
are computed over a 5-yr time interval (October 1992–
October 1997). Details of the calculation are given in
Le Traon et al. (1998). Wunsch (1997) confirmed that
altimetric estimates capture the bulk of the eddy kinetic
energy associated with mesoscale eddies in low baroclinic modes needed for our calculation.
In Fig. 5a we show the transition layer depth estimated as the set of isopycnals that are occasionally entrained in the surface mixed layer according to (12).
The mixed layer base is defined as the depth where
potential density is 0.1 kg m⫺3 larger than the surface
value (Fig. 5b). The calculation is done in terms of ML
depth instead of BL depth because there are no global
estimates of BL thickness. The transition layer is most
significant in regions of enhanced eddy activity, like the
Antarctic Circumpolar Current and western boundary
currents where it can be as deep as the mixed layer
depth. This estimate is likely to be an upper bound on
D because rms is calculated using annually averaged
vertical stratification. Annual averages tend to smooth
out the strong stratification that often develops at the
BL base and result in an overestimate of D.
Equation (11) can be used to derive an estimate of
transition layer thickness in terms of mean climatological variables that are available in coarse resolution
models. Following Large et al. (1997) we express the
buoyancy fluctuations be as the product of a horizontal
eddy mixing length R times the mean horizontal density
gradient |horbm|. This scaling is supported by altimetric
observations with the eddy mixing length given by the
first baroclinic Rossby deformation radius (Stammer
1997),
R⬇

1
| f |

冋冕



⫺H

册

共⭸z bm兲1Ⲑ2 dz ,

共13兲

with H the oceanic depth and  the free surface elevation. Within a few degrees of the equator, (13) must be
replaced by the equatorial deformation radius as dis-
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FIG. 5. (a) Transition layer depth estimated as the ratio of the altimetric eddy kinetic energy and the
climatological stratification at the mixed layer base, see (11) (TOPEX/Poseidon data); (b) mixed layer
depth defined as the depth where potential density is 0.1 kg m⫺3 larger than the surface value (World Ocean
Atlas).

cussed in Griffies (2004). Under these approximations
(11) becomes

rms ⬇

|hor bm|
R ⱖ |z ⫹ h|.
⭸z bm

共14兲

Fe{b} · bm
|hor bm|

2

This expression further captures some of the synoptic
variability of BL depth because it includes any mixed
layer below the BL where zbm ⬇ 0. Mixed layers
deeper than the BL are part of the transition layer.
They are a signature of regions where deep mixing took
place in the past but is no longer active.
Now that we have an operational definition for the
depth of the transition layer, we can proceed to derive
guiding principles to parameterize the transition from
diabatic to adiabatic eddy transport. In the transition
layer the mean stratification is not necessarily zero, and
mean buoyancy gradients can change in the vertical.
However, eddy statistics transition smoothly between
the interior and BL values (Cessi et al. 2006; Kuo et al.
2005). From a parameterization perspective this suggests that the full diffusivity tensor  that relates mesoscale fluxes and mean gradients must change
smoothly though the transition layer,

具ue be典 ⫽ ⫺bm.

Using the decomposition in (9) and (10), the diffusivity
tensor is composed of three terms: a symmetric term
representing lateral diffusion across isopycnals,

共15兲

⫽

具ue be典 · bm
|hor bm|2

,

共16兲

and two antisymmetric terms representing the eddyinduced overturning streamfunctions in the x–z and y–z
planes,
⌿⫻z⫽⫺

具we be典

hor bm.
|hor bm|2

共17兲

The eddy-induced overturning streamfunction in the
x–y plane ⌿ · z is set to zero as required by continuity
with the interior. Continuity of the diffusivity tensor
then implies that both (16) and (17) are continuous
within the transition layer and merge smoothly at the
boundary and transition layer bases. Given continuity
of the buoyancy field and its derivatives, this implies
continuity of the fluxes.

3. Mesoscale eddy parameterization
We can now proceed to develop parameterizations
for the eddy-induced velocity and the residual tracer
fluxes applying the formalism developed in section 2.
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a. Oceanic interior
In most OGCMs mesoscale fluxes in the interior are
computed according to the parameterization first proposed by GM; that is, the fluxes are prescribed to be
along mean density surfaces with the horizontal component satisfying a downgradient closure,

具uhe be典 ⫽ ⫺GMhor bm, 具we be典 ⫽ GM

|hor bm|2
.
⭸z bm

Here S ⫽ ⫺horbm/zbm is the isopycnal slope vector.
We will use the small-slope approximation throughout
the paper, although all expressions can be extended to
finite slopes.
Ferreira et al. (2005) recently proposed parameterizing eddies in models written in a transformed Eulerian
mean formulation. In this formulation mesoscale eddies
contribute as a stress eddy in the mean momentum
equation given by

eddy ⫽ f ⌿I,

共18兲
Substituting these flux forms in the expressions for the
eddy-induced streamfunction and residual flux into (5)
and (7), or equivalently (9) and (10), yields
⌿I ⫽ ⫺GM

z ⫻ hor bm
,
⭸z bm

Fe{b} ⫽ 0.

共19兲

This form is the small-isopycnal-slope approximation in
z coordinates for the thickness flux parameterization in
isopycnal coordinates originally proposed by GM. This
parameterization causes depletion of mean available
potential energy (e.g., as in local baroclinic instability)
and, implicitly, vertical diffusion of mean horizontal
momentum (e.g., as in isopycnal form stress for a geostrophic flow). The horizontal diffusivity can be set either to a constant throughout the whole ocean or, following OGCM modeling practices after Smagorinsky
(1963), it can be made flow dependent (Visbeck et al.
1997; Killworth 1997; Large at al. 2001; Smith and
McWilliams 2003; Smith and Gent 2004).
The parameterization for the residual fluxes of tracers other than buoyancy is represented through additional isotropic diffusion along isopycnals as first suggested by Solomon (1971) and Redi (1982),
Fe{c} ⫽ GM

冉

cm ⫻ bm
|bm|2

冊

⫻ bm.

共20兲

We assume that the along-isopycnal diffusivity is
equivalent to the GM diffusivity because other choices
would lead to different mixing rates of buoyancy and
tracers along the boundaries. CPH compare diffusivities estimated from passive and active tracers in the
upper layers of an ocean simulation and do not find
substantial differences. However, our expressions can
be generalized to allow for different along-isopycnal
and GM diffusivities if future studies suggest that they
are indeed different.
The parameterization form in (20) is often replaced
by its small-slope approximation, which is numerically
more stable and less expensive (Griffies 2004),
Fe{c} ⫽ ⫺GM关horcm ⫹ ⭸zcmS兴 ⫺ GM关|S|2⭸zcm
⫹ S · horcm兴z.

共21兲

共22兲

and through the residual fluxes Fe{b} and Fe{c} in the
buoyancy and tracer equations. From our perspective
any of GM, Ferreira et al. (2005), or some other parameterization for (7) are equivalent. Our purpose is to
specify how the interior prescriptions for ⌿I, Fe{b}, and
Fe{c} should be modified near the boundaries.

b. Boundary and transition layers
In section 2 we argue that the symmetric and antisymmetric components of the mesoscale diffusivity tensor make a smooth transition from the interior to the
surface values. We now derive a parameterization
scheme consistent with these arguments.
The horizontal eddy fluxes are down the mean buoyancy gradient in the oceanic interior, representing the
tendency of mesoscale eddies to reduce lateral buoyancy gradients and release available potential energy.
Consistent with the argument that eddy statistics are
continuous throughout the boundary and transition layers (section 2), we require that the horizontal eddy flux
具uhebe典 remains down the horizontal buoyancy gradient,
as in (18), with a continuous eddy diffusivity GM. The
vertical component of the mesoscale eddy flux 具webe典
cannot be given by (18) because the vertical flux decreases to zero toward the surface, both to satisfy the
no-normal-flow boundary condition and because the
isopycnal eddy displacements be are reduced by the
gravitational stiffness of the air–sea interface. In the BL
we expect 具webe典 to be linear in z and horbm to be
independent of z because strong mixing erases vertical
gradients in both the horizontal mesoscale velocities
and in the mean buoyancy gradients (section 2). A form
for the vertical flux that satisfies these requirements
and gives a continuous and differentiable eddy-induced
streamfunction ⌿ is

具we be典
|hor bm|

2

⫽⫺

冏

z ⫺  具we be典
h ⫹  |hor bm|2

for ⫺ h ⬍ z ⱕ .

z⫽⫺h

共23兲
The subscript z ⫽ ⫺h indicates that the vertical flux
and horizontal gradients are evaluated at the BL base
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eddy-induced velocities whenever horbm vanishes.
This can be checked by substituting (23) into the expression for the eddy-induced streamfunction in (9).
The vertical fluxes in the transition layer are not linear in z because mixing is active only intermittently and
shears can develop through geostrophic adjustment.
Continuity of the eddy statistics requires that ⌿ is continuous across the BL and transition layer boundaries.
The simplest choice that allows for shear and has
enough degrees of freedom to satisfy continuity of ⌿,
and its vertical derivative is

(z ⫽ ⫺h). The h in (23) is the large-scale boundary
layer thickness averaged in time over any rapid BL
fluctuations during which the eddy field is unlikely to
change much, say a week. The time averaging is necessary because eddies respond only to low-frequency
variations in BL depth, not to sudden deepening pulses
or the diurnal cycle.
An arguably simpler choice is to set 具webe典 to be a
linear function of z and neglect the |horbm|2 terms in
(23). However, the resulting expression gives a nondifferentiable eddy-induced streamfunction and infinite

具we be典

⫽
|hor bm|2

共z ⫹ h兲2
2

D
⫺

冉

⫺

h ⫹ D ⫹  具we be典
h ⫹  |hor bm|2

z ⫺  具we be典
h ⫹  |hor bm|2

冏

,

G共z兲 ⫽

冦

⫺

冉

冊

z⫺
D
2⫹
,
2共h ⫹ 兲 ⫹ D

共z ⫹ h兲2
共h ⫹ D ⫹ 兲 ⫺ 共h ⫹ 兲
2

2

冏

⫹

z⫽⫺h

具we be典
|hor bm|2

冏

z⫽⫺h⫺D

冊

for ⫺h ⫺ D ⬍ z ⱕ ⫺ h.

共24兲

z⫽⫺h

The transition layer thickness D is estimated with
the algorithm described in section 2c. The subscript
z ⫽ ⫺h ⫺ D indicates that the vertical flux and horizontal gradients are evaluated at the base of the transition layer (z ⫽ ⫺h ⫺ D). The expressions for the
vertical eddy fluxes in (23) and (24) are continuous
both at the BL base and at the transition layer base.
The choice of imposing continuity of 具webe典/ |horbm|2
instead of 具webe典 guarantees that ⌿ remains continuous
even where horbm vanishes.
We now have analytical expressions for the mesoscale fluxes in the boundary and transition layers. To

⫺

VOLUME 21

complete the parameterization, we must constrain the
remaining two free parameters: the vertical fluxes at the
boundary and transition layer bases in (23) and (24).
This is done by requiring that the vertical derivative of
the eddy transport, z⌿, is continuous at the bases of
the boundary and transition layers. Substituting these
flux forms in the expressions for the eddy-induced
streamfunction in (9) gives
⌿ ⫽ ⫺GMG共z兲z ⫻

hor bm
,
⭸z bm|z⫽⫺h⫺D

where the vertical structure function G(z) is defined by

for ⫺h ⬍ z ⱕ  共BL兲

冉

1⫹

冊

共25兲

冉

冊

D⫹h⫹
z⫺
D
⫺
2⫹
,

2共h ⫹ 兲 ⫹ D


冧

for ⫺h ⫺ D ⬍ z ⱕ ⫺h
共transition layer兲.

共26兲
The function G(z) guarantees continuity and differentiability through the boundary and transition layers. At
the base of the transition layer G ⫽ 1 and zG ⫽ 1/,
where  is a characteristic vertical length scale for the
eddy fluxes below the transition layer, defined by

 ⬅ ⫺⭸z bm Ⲑ⭸zz bm|z⫽⫺h⫺D.
Using the relationship between ⌿ and 具webe典 in (17),
the expression in (25) can be used to write final expressions for the fluxes in the transition and boundary layer,

具uhe be典 ⫽ ⫺GMhor bm,
具we be典 ⫽ GMG共z兲

|hor bm|2
.
⭸z bm|z⫽⫺h⫺D

共27兲

Substituting the expressions for buoyancy fluxes in the
definition of the residual flux (10) gives

冋

Fb{b} ⫽ ⫺GM 1 ⫺ G共z兲

册

⭸z bm
 b .
⭸z bm|z⫽⫺h⫺D hor m

共28兲

The derivation of the expression for the residual tracer
flux is sketched in appendix B and is
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冋

Fb{c} ⫽ ⫺GM horcm ⫺ G共z兲

This expression matches the small-slope Redi tensor in
the ocean interior and it reduces to (28) when b ⫽ c.
The formula can be generalized to match the finite
slope Redi tensor in the interior, but we stick to common practice and report only the small slope expressions. Notice that the small slope approximation is
made only in the adiabatic interior. No such assumption
is made in the boundary and transition layers where
slopes can, and usually do, become large.
Equations (25), (28), and (29) constitute the full parameterization scheme in the boundary and transition
layers. These equations follow from the eddy flux decomposition in (9) and (10) under the assumptions that
the horizontal eddy fluxes of all tracers are down their
local mean horizontal gradients and the vertical eddy
fluxes decrease to zero within the boundary and transition layers. The decrease is linear in the BL and quadratic in the transition layer. These simple requirements give a parameterization scheme that ensures the
following properties:
1) The residual velocities and residual fluxes vanish at
the oceanic boundaries.
2) The residual streamfunction and the residual velocities are continuous everywhere.
3) The residual circulation releases available potential
energy everywhere.
4) The shear in the residual velocities acts to restratify
the water column through the transition layer but
not within the boundary layer (as long as buoyancy
is well mixed through the mixed layer).
5) The residual fluxes and their divergence are continuous if the bm and cm gradients are continuous.
The first property is imposed through the vertical structure functions G(z) and G⬘(z), which vanish at the
boundaries. The second property follows from the continuity of ⌿z. The third property is guaranteed by having the residual streamfunction in the direction of the
local horizontal buoyancy gradient so that the release

G1共z兲 ⫽

G2共z兲 ⫽

冦
冦

冊

冉

册

⭸zcm
|hor bm|2 ⭸zcm hor bm · horcm
hor bm ⫺ GMG共z兲
⫺
z.
⭸z bm|z⫽⫺h⫺D
⭸z bm|z⫽⫺h⫺D ⭸z bm
⭸z bm|z⫽⫺h⫺D

of available potential energy is nonnegative definite everywhere; that is, 具webe典 ⫽ ⌿ ⫻ horbm · z ⱖ 0. The
fourth property is consistent with the observation that
vertical mixing erases mesoscale shears in the BL so
that any shear in the horizontal eddy-induced velocity is
confined below the BL in the transition layer and in the
oceanic interior. The fifth property guarantees that the
eddy forcing in the tracer equations does not produce
singularities starting from smooth tracer distributions.

c. Boundary and transition layers: Alternative
expressions
Treguier et al. (1997) suggested that parameterization of eddy fluxes at the oceanic boundaries should
include along-boundary eddy-induced velocity and residual flux of buoyancy. We further argue that the
eddy-induced velocity should be continuous in z with
zero shear in the BL and with a constant shear in the
transition layer. There are many parameterization
forms that can satisfy these requirements. One such
form—our preference—is derived in section 3b and results in the expressions (25) and (28). Alternative forms
have been recently proposed in the literature. We wish
to compare our approach to these alternative schemes.
Danabasoglu et al. (2008) assume that the eddyinduced streamfunction is set at the base of the transition layer and decays to zero quadratically in the transition layer and linearly in the BL. Continuity of the
eddy-induced velocity is imposed at the transition and
boundary layer bases. These simple rules fully determine ⌿:
⌿ ⫽ GMG1共z兲z ⫻

2

共z ⫹ h兲2共D ⫹ h ⫹ 兲
共h ⫹ D ⫹ 兲 ⫺ 共h ⫹ 兲
2

z⫽⫺h⫺D

冏

⭸ hor bm
⭸z ⭸z bm

2

⫹

共30兲

where the vertical structure functions that guarantee
continuity are

2共z ⫺ 兲
,
2共h ⫹ 兲 ⫹ D

for ⫺h ⫺ D ⬍ z ⱕ ⫺h 共transition layer兲,
for ⫺h ⬍ z ⱕ  共BL兲

⫹

,

z⫽⫺h⫺D

for ⫺h ⬍ z ⱕ  共BL兲

共h ⫹ D ⫹ 兲 ⫺ 共h ⫹ 兲
D共z ⫺ 兲
,
2共h ⫹ 兲 ⫹ D
2

冏

hor bm
⭸z bm

⫹ GMG2共z兲z ⫻

2共z ⫺ 兲
,
2共h ⫹ 兲 ⫹ D
共z ⫹ h兲2

共29兲

D共z ⫺ 兲
,
2共h ⫹ 兲 ⫹ D

for ⫺h ⫺ D ⬍ z ⱕ ⫺h 共transition layer兲.
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The main difference between this approach and the one
proposed in section 3b is that the direction of ⌿ is here
set by the buoyancy gradients at the transition layer
base instead of being set by the local buoyancy gradient
as in (9). The implication is that in this formulation ⌿
is not guaranteed to reduce the mean potential energy;
that is, 具webe典 ⫽ ⌿ ⫻ horbm · z is not sign definite.

VOLUME 21

However, this expression reduces to (9) if the direction
of the horizontal buoyancy gradients does not veer
much in the transition and boundary layers.
Danabasoglu et al. (2008) assume that the diabatic
residual buoyancy flux grows linearly from zero in the
interior to along boundary in the BL, that is,

Fe{b} ⫽ ⫺GM关hor bm ⫺ G3共z兲hor bm兴,
Fe{c} ⫽ ⫺GM关horcm ⫺ G3共z兲S⭸zcm兴 ⫹ GMG3共z兲共|S|2⭸zcm ⫹ S · horcm兲z,

共31兲

where
G3共z兲 ⫽

冦

0,

for

⫺h ⬍ z ⱕ  共BL兲

共z ⫹ h兲
,
D

for

⫺h ⫺ D ⬍ z ⱕ ⫺h 共transition layer兲.

In the BL this approach gives the approximately same
residual buoyancy flux as (28) because zbm ⬇ 0, while
the residual tracer flux differs by the vertical component. In the transition layer the details of the vertical
structure of the residual fluxes are also different. Furthermore, (31) does not guarantee continuity of the
vertical flux divergence at the transition layer base. Despite these differences, the two expressions are likely to
be quite similar in most situations, because they both
capture the transition from along-isopycnal residual
fluxes in the interior to along-boundary fluxes in the BL
with some degree of smoothness.
The parameterization forms in (30) and (31) reduce
to those of Griffies (2004) in the limit of vanishing transition layer thickness D. A zero D has the effect of
introducing discontinuities in the eddy-induced velocities, and it is not consistent with high-resolution numerical results (Kuo et al. 2005). In the next section we
discuss why such discontinuities are undesirable and
can lead to spurious numerical instabilities. In summary
we believe that the expressions in (25), (28), and (29)
constitute a superior parameterization scheme with a
number of desirable properties, but the forms in (30)
and (31) may often produce similar results in practice.

4. Numerical experiment
Our ideas about eddy parameterizations at the oceanic boundaries are now illustrated through a simple
numerical experiment. We study the spreading of a
warm lens that outcrops in a mixed layer at the oceanic
surface and lies on top of a stratified ocean, as shown in
Fig. 6a.
The geometry, forcing, and boundary conditions do

not depend on the zonal direction x. Thus we can solve
for the zonally averaged circulation in the form
ut ⫹ u ·  u ⫹ f z ⫻ u ⫽ ⫺ p ⫺  Fe{u} ⫹  · 共 u兲,
共32兲
0 ⫽ ⫺pz ⫹ b,

y ⫹ wz ⫽ 0,

共33兲
共34兲

bt ⫹ 共u ⫹ ume兲 · b ⫽ ⫺ · Fe{b} ⫹  · 共b兲 ⫹ Ꮾz.
共35兲
The overbar here denotes the zonal average over the
domain length Lx:
b⫽

1
Lx

冕

Lx

b共x, y, z, t兲 dx.

共36兲

0

The surface buoyancy flux is represented by Ꮾ. We
impose a rigid upper lid at z ⫽ 0 and a flat bottom at
z ⫽ ⫺H and use periodic boundary conditions in x. The
zonally averaged equations are solved with the MIT
OGCM (Marshall et al. 1997).
The model ocean is 2000 km wide and 2000 m deep
with a flat bottom (Table 1). The horizontal resolution
is 100 km, while the vertical resolution is variable: 20 m
in the upper 200 m, increasing exponentially with depth
with a stretching scale of 1.2. Boundary conditions are
periodic on the lateral walls. Heat satisfies the zero flux
boundary conditions at the surface and bottom. For
momentum we use no slip at the bottom and free slip at
the surface. The parameters used in the simulation are
listed in Table 1. At this resolution mesoscale and microscale processes are subgrid scale and must be parameterized.
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FIG. 6. Evolution of a warm lens on top of a stably stratified ocean: (left) the initial condition and (right) the
solution after one year. There is a boundary layer in the upper 140 m. The color contours represent temperature
and the lines represent the eddy-induced circulation: full lines for clockwise rotation and dashed lines for anticlockwise rotation. (top) Solutions using the parameterization scheme described in (9) and (10) with the transition
layer thickness estimated according to (11) and (bottom) solutions obtained using the same parameterization, but
a transition layer 10 times thicker.

The microscale fluxes are parameterized as downgradient fluxes of momentum and buoyancy: in the interior
the microscale viscosity is set to  ⫽ 2 ⫻ 10⫺4 m2 s⫺1
and the microscale diffusivity to  ⫽ 2 ⫻ 10⫺5 m2 s⫺1. A
BL is represented in the upper 140 m by increasing the
microscale viscosity and diffusivity to 1 ⫻ 10⫺3 m2 s⫺1.
Convective adjustment is used to remove unstable
stratification.
TABLE 1. Parameters used in the spreading warm lens
experiment.
Boundary layer depth
Oceanic depth
Vertical diffusivity in the boundary layer
Vertical viscosity in the boundary layer
Vertical diffusivity in the interior
Vertical viscosity in the interior
Horizontal viscosity
Eddy diffusivity

h
140 m
H
2000 m
BL
10⫺3 m2 s⫺1
BL
10⫺3 m2 s⫺1

2 ⫻ 10⫺5 m2 s⫺1

2 ⫻ 10⫺4 m2 s⫺1
A
2 ⫻ 105 m2 s⫺1
GM
1000 m2 s⫺1

The horizontal components of the mesoscale Reynolds stress tensor are parameterized with a horizontal
viscosity in the horizontal momentum equation Fe{u} ⫽
⫺A horuhor, with A ⫽ 2 ⫻ 105 m2 s⫺1. The mesoscale
buoyancy fluxes are parameterized as an eddy-induced
velocity ume ⫽  ⫻ ⌿ and a diffusive flux Fe{b}. In the
oceanic interior we use the GM scheme for ⌿ in (19)
with a diffusivity GM of 1000 m2 s⫺1. The residual
buoyancy flux Fe{b} is set to zero under the assumption
that eddy fluxes are adiabatic. In the transition and
boundary layers, ⌿ and Fe{b} are computed from the
expressions in (25) and (28).
We start the simulations with a background stratification of N ⫽ 1 ⫻ 10⫺3 s⫺1. The warm lens is represented as an anomaly with a maximum amplitude of
3.5°C at the surface, confined to the upper 600 m and
with an horizontal extent of about 500 km. The zonal
velocity field is initially in geostrophic balance, while
the meridional and vertical velocities start from zero.
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FIG. 7. The eddy-induced overturning circulation produced by two different parameterization schemes for the
slumping of a warm lens on top of a stably stratified ocean for the same initial condition shown in Fig. 6: (left) the
GM parameterization and (right) the GM parameterization with the tapering scheme suggested by Danabasoglu
et al. (1994) to suppress spurious circulations in regions of weak stratification.

The initial geostrophic shear is chosen to be baroclinically unstable (i.e., in a high-resolution, threedimensional simulation the lens would slump and shed
baroclinic eddies). No eddies develop in our model because the grid is too coarse to resolve the wavenumbers
at which the instability should develop. This is where
the mesoscale parameterization comes in. The GM parameterization scheme mimics the effect of the unresolved eddy field and acts to flatten the mean isopycnals.
In Fig. 6 we show the stratification and the eddyinduced streamfunction produced by the GM parameterization scheme in the interior and the scheme in
(25), (28), and (29) in the boundary and transition layers. The eddy-induced streamfunction has a smooth
transition from the adiabatic interior to the BL without
creating spurious shears in the BL. The lens spreads at
a similar rate in the interior and in the upper ocean so
that no discontinuities develop at the transition layer
base. The temperature anomaly in the BL decreases
with time as a result of the diapycnal horizontal eddy
flux.
The thickness D of the transition zone plays an important role in the evolution of the lens. In Figs. 6a and
6b, we show solutions with D computed according to
the formulas given in section 2c. For the parameters
chosen in this example, D ⬇ 30 m. One can see a slight
discontinuity in the eddy-induced circulation across the
BL base. In Figs. 6c and 6d, we show a solution where
we increased D by 10 times: as a result, the transition
between the BL and the interior is more gradual. The
guiding principles used to determine D are preliminary.
Direct numerical simulations of an eddying field outcropping at the surface are necessary to settle this issue.
The question of how D is determined is of crucial im-

portance because the behavior of the eddy fluxes at the
base of the BL can substantially modify the ventilation
of the oceanic interior.
The parameterization proposed here differs in important aspects from parameterization described in the
literature. Figure 7a shows the overturning circulation
obtained by applying the GM parameterization
throughout the whole water column. The overturning
circulation acts to spread the lens laterally and reduce
the available potential energy. The overturning is largest at the surface where the stratification is weak. However, the condition ⌿ ⫽ 0 at z ⫽ 0 forces the streamlines to close at the surface and generates two surfaceintensified overturning cells. These cells create a large
shear in the upper ocean and restratify the boundary
layer despite strong vertical mixing. Both the surface
overturning circulation and the strong restratification
are physically implausible: there is no numerical or observational evidence for strong surface-trapped recirculations of this kind.
A common solution to avoid surface-intensified overturning cells in current OGCMs is to set ⌿ to zero
before reaching the BL through ad hoc tapering functions, as shown in Fig. 7b (Gerdes et al. 1991; Danabasoglu et al. 1994). This has the awkward consequence of
creating a strong horizontal eddy-induced mass flux immediately below the BL and none within it (Large et al.
1997). Furthermore the tapering approach does not include any diabatic horizontal flux. As a result the lens
spreading proceeds faster in the oceanic interior than at
the surface because there is no parameterization of
eddy transport in the boundary layer. What Gerdes et
al. (1991) and Danabasoglu et al. (1994) failed to realize
is that the restratification associated with the surfacetrapped circulations can be eliminated by imposing that
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⌿ has a linear gradient in z within the BL so that the
eddy-induced velocity has zero shear. No spurious
boundary layer restratification occurs in this case, but
eddy transport is not artificially suppressed at the oceanic surface. Preliminary experiments with the MIT
general circulation model show that these differences
are significant and strongly support the approach described here (Ferrari 2006).
More recently, Griffies (2004) has proposed to taper
⌿ linearly to zero using a scheme similar to the one
presented here but without a transition layer. Without
a transition layer, discontinuities in the eddy-induced
velocity develop at the BL base (Fig. 4), and a convective adjustment scheme is necessary to prevent generation of unstable stratification (Griffies et al. 2005). The
generation of convective instabilities by mesoscale motions has no physical justification and compromises the
proper exchange of properties between the BL and the
oceanic interior. In a sense the Griffies approach goes
too far in suppressing the excessive GM restratification
in regions of low stratification and ends up producing
additional vertical mixing.

5. Conclusions
Mesoscale eddy transport of large-scale momentum
and material tracers exerts a profound influence on the
oceanic general circulation and on the exchange of
heat, freshwater, and other material between the ocean
and the atmosphere. The mesoscale parameterizations
used in OGCMs typically represent the adiabatic release of potential energy by baroclinic instability in the
interior, as suggested by GM. However, as the surface
is approached, eddy fluxes develop a substantial diabatic component because density becomes vertically
well mixed in the boundary layer (BL) while eddy and
mean motions are kinematically constrained to be
nearly parallel to the boundary (i.e., horizontal near the
surface). As a result, quasi-adiabatic schemes lead to
unphysical behaviors at the boundaries. Too often
OGCM practice has been to taper the mesoscale eddy
fluxes to vanish within the boundary layers. This is not
physically correct. Mesoscale eddy fluxes play an important role in the tracer transport along the oceanic
boundaries and must be parameterized in coarse resolution models. The solution proposed in this paper is to
modify the interior parameterization to account for the
different eddy fluxes in the BL with a smooth transition
through a layer of subgrid-scale intermittent diabatic
mixing.
A parameterization for the mesoscale eddy fluxes
near the oceanic boundaries is derived starting from the
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physical argument that eddy fluxes are adiabatic in the
interior, diabatic in the BLs, and zero in their normal
component at the boundaries. We restrict the discussion to tracer fluxes, but our arguments are likely to be
germane to momentum fluxes as well and could be applied to derive matching conditions for momentum
fluxes at the ocean surface. We split the mesoscale
tracer flux 具uece典 into an advective component ume · 具c典
and a residual component Fe{c}, usually represented as
a diffusion process. The constraint that there is no eddy
flux in and out of the ocean can be translated into the
conditions that the eddy-induced velocity ume and the
diffusive flux Fe{c} are oriented parallel to the boundaries at the solid walls and at the free surface. Equations (25), (28), and (29) constitute the full parameterization scheme and satisfy the following properties:
1) In the interior we assume that an adiabatic parameterization scheme is known, be it the scheme of
GM or a scheme based on residual eddy stress (Ferreira et al. 2005). This scheme is then used to derive
expressions for ume and Fe{c} away from the boundaries.
2) In the BLs we assume that ume has no vertical shear,
as long as buoyancy is well mixed through the mixed
layer, in the spirit of well-mixed BL models. The
residual buoyancy flux is parameterized as a downgradient flux parallel to the boundaries; that is, there
is a diapycnal eddy flux.
3) The interior and BL parameterizations are matched
by quadratically interpolating the eddy fluxes
through a transition layer of thickness D. The
matching condition of continuous eddy-induced velocity and diffusive flux divergence at the boundary
and transition layer bases are sufficient to derive
expressions for ume and Fe{c} in the boundary layers.
The transition layer represents the region through
which the mesoscale eddy flux develops a diabatic
component through intermittent BL mixing beneath
the resolution scale of the mean circulation. Consistent with the idea of intermittent mixing, we allow
for shear in ume so that restratification occurs in the
transition layer. We propose a simple scaling argument to estimate D based on eddy heaving, but a
more satisfactory parameterization of D will require
high-resolution numerical simulations and careful
field experiments.
The new parameterization scheme is illustrated by an
idealized zonal flow that uses a GM parameterization
scheme in the interior. The proposed BL parameterization represents a clear improvement over tapering
schemes described in the literature. The new param-
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eterization scheme does not to trigger any numerical
instabilities in the low-stratification regions near the
boundaries (unlike a recent parameterization proposed
by Griffies 2004). It is quite possible that the boundary
layer closure scheme can be applied to interior regions
of low stratification as well, thus eliminating any need
to introduce artificial tapering functions to maintain numerical stability.
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APPENDIX A
Definitions of ⌿ and Fe{b} at Oceanic Boundaries
Eddy fluxes veer from along isopycnal to along
boundary as the boundary is approached. To represent
this transition, it is useful to modify the definition of ⌿
in (4) so that the transition to no-normal boundary flow
is achieved through a layer with finite thickness. The
transition can be achieved by exploiting the arbitrariness in the choice of the vector streamfunction ⌿ to
define an eddy-induced velocity that satisfies nonormal flow boundary conditions. Following Treguier
et al. (1997), we generalize the definition of ⌿ to be
⌿⬅⫺

具ue be典 ⫻ bm
|bm|

2

⫺

具ue be典 · bm
|bm|2

␣,

共A1兲

where ␣ is an arbitrary three-dimensional vector that
may be spatially and temporally variable. The residual
buoyancy flux must be modified accordingly:
Fe{b} ⬅

具ue be典 · bm
|bm|2

共bm ⫹ ␣ ⫻ bm兲.

共A2兲

The residual flux remains proportional to the diapycnal
flux in this generalized formulation, but it points in a
direction that depends on the choice of ␣, not down the
mean buoyancy gradient. The eddy-induced circulation
remains largely unaltered in the oceanic interior where
diapycnal fluxes are weak, but it is modified at the
boundaries where eddy-driven diapycnal transports are
large.
The vector ␣ can be chosen so that the component of
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the diapycnal flux that cancels the advection through
the boundary is retained in the definition of ⌿ so that
the no-normal flow boundary condition is satisfied.
Consider a boundary surface with unit normal, n A
form for ␣ that satisfies this boundary conditions is

␣⬅

n · bm
|bm| ⫺ |n · bm|2
2

n ⫻ bm.

共A3兲

The corresponding vector streamfunction is
⌿⫽⫺
⫺

具ue be典 · n
|bm|2 ⫺ |n · bm|2
共具ue be典 ⫻ bm兲 · n

|bm|2 ⫺ |n · bm|2

n ⫻ bm

n.

共A4兲

It has two components: the first represents a circulation
directed across the boundaries that vanishes because
the eddy velocity normal to the boundary is zero, and
the second represents a circulation along the boundary.
The associated diabatic residual flux is directed parallel to the boundary:
Fe{b} ⫽

具ue be典 · bm
|bm|2 ⫺ |n · bm|2

关bm ⫺ 共bm · n兲n兴.

共A5兲

The definition in (A4) satisfies the no-normal flow condition ume · n ⫽ 0, and can be applied close to the
boundaries.
The gauge invariance can now be used to define
eddy-induced circulations and residual fluxes that vanish at all boundaries and retain useful forms in the interior. The choice of gauge in the interior is inconsequential because away from boundaries there is no
buoyancy flux across isopycnals and the gauge terms in
(A1) and (A2) vanish for any choice of ␣. Hence we
can define ␣ as in (A3) where n is set to the vertical unit
vector at the surface and smoothly transitions to the
unit vector normal to topography toward the bottom.
For a flat bottom ocean n ⫽ z can be used everywhere;
this choice might be appropriate even in the presence of
topographic relief if eddy fluxes are weak at the ocean
bottom.

APPENDIX B
Residual Fluxes of Passive Tracers
The decomposition of the eddy tracer flux into advective and residual components corresponding to (9)
and (10) is

具uece典 ⫽ ⌿ ⫻ cm ⫹ Fe{c},
where ⌿ is given in (9) and the residual flux is

共B1兲
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Fe{c} ⫽

冉

具we be典
|hor bm|

⫹

2

冉

z ⫻ hor bm ⫺

具uhe be典 ⫻ hor bm
|hor bm|2

具wece典
|horcm|2

具uhece典 ⫻ horcm

⫺

|horcm|2

We used a downgradient closure for the horizontal
flux of buoyancy. It seems consistent to assume the
same for the tracer flux, that is,

具uhece典 ⫽ ⫺GMhorcm.

Fe{c} ⫽ ⫺GMhorcm ⫹

冋

冊

冊

⫻ cm

⫻ cm ⫹

具uece典 · cm
|horcm|2

horcm.

共B2兲

Imposing the downgradient closures for the horizontal
fluxes of buoyancy and tracer, the residual flux in (B2)
becomes

共B3兲

冉

具we be典⭸zcm
|hor bm|

2

hor bm ⫹ 具wece典 ⫺ 具we be典

Imposing continuity of the vertical fluxes and their divergences at the boundary and transition layer interfaces gives the expression in (29). The expression involves division by the weak stratification in the mixed

Fe兵c其 ⫽ ⫺GM horcm ⫺ G共z兲

z ⫻ horcm

册

hor bm · horcm
|hor bm|2

冊

z.

layer and might be problematic for numerical implementation. An alternative expression that satisfies the
same properties, but avoids division by a weak stratification, is

冋

册

hor bm ⭈ horcm
⭸zcm
|hor bm|2
hor bm ⫺ GMĜ共z兲
⭸zcm ⫺
⭸zbm z.
2
2
⭸zbm|z⫽⫺h⫺D
⭸zbm|z⫽⫺h⫺D
⭸zbm|z⫽⫺h⫺D

The function Ĝ(z) has the same form of G(z) in (26)
except for the definition of . At the base of the transition layer Ĝ ⫽ 1 and zĜ ⫽ 1/2, where 2 ⫽ /2. This
alternative expression is not our favorite choice because it does not preserve the symmetric nature of the
diffusivity tensor, but it might be advantageous to ensure numerical stability.
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